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Abstract – There are three possible behavioral 

patterns for the WHILE loop: it does not terminate, it 
potentially terminates and its termination is 
guaranteed. Based on that, to describe the behavior of 
the WHILE loop we introduce appropriate formulas of 
the first-order predicate logic defined on the abstract 
state space (briefly S-formulas). This paper presents 
our approach to analyzing the WHILE loop semantics 
that is solely based on the first order predicate logic. 
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1. Introduction 

 
Semantics reveals the meaning of syntactically 

valid strings in a language. For natural languages, 
this means correlating sentences and phrases with the 
objects, thoughts, and feelings of our experiences. 
For programming languages, semantics describes the 
behavior that a computer follows when executing a 
program in the language. We might disclose this 
behavior by describing the relationship between the 
input and output of a program or by a step-by-step 
explanation of how a program will execute on a real 
or an abstract machine [1]. 

In giving a formal semantics to a programming 
language we are concerned with building a 
mathematical model. Its purpose is to serve as a basis 
for understanding and reasoning about how programs 
behave. Not only is a mathematical model useful for 
various kinds of analysis and verification, but also, at 
a more fundamental level, because simply the 
activity of trying to define the meaning of program 
constructions precisely can reveal all kinds of 
subtleties of which it is important to be aware. The 
techniques used in semantics lean heavily on 
mathematical logic. They are not always easily 
accessible to a programmer, without a good 
background in logic [2]. 

The relevance of conditions in reasoning about 
programs was known to von Neumann and Turing 
[3]. Floyd suggested that the assertions encapsulate 
the meaning of a program [4]. Hoare introduced an 
axiomatic approach, well known as Hoare logic, 
where the laws of reasoning with assertions were 
accepted as an axiomatic definition of the meaning of 
the whole programming language [5]. The axiomatic 
approach was adopted also by Dijkstra [6,7]. After 
that, Hoare and Jifeng in Unifying Theories of 
Programming introduced an approach that is not 
axiomatic [8]. They proved the necessary laws as 

theorems based on an independent mathematical 
definition of the meaning of a program as a relation. 
The axioms postulated in Hoare logic are proved as 
the theorems of the more basic theory, such as the 
first-order predicate logic. 

In this paper, we consider WHILE loop semantics 
by using so-called S-formulas, that are actually 
formulas of the first-order predicate logic defined on 
the abstract state space. That actually was the reason 
for naming them”S-formulas”, after the word ”state”. 
Thus, our approach is based on the idea that 
programs may be treated as predicates [8,9,10,11,12] 
and clearly separates the interpretation domain from 
the abstract state domain [13]. Using a set of abstract 
states provides an advantage to our approach. This 
means that we do not need an exact description of 
every abstract state, thus avoiding the use of the 
program state vector (vector of all program 
variables). It is known that the use of state vector 
introduces certain difficulties [7]. 

The paper is structured as follows. The Section 2 
considers behavioral patterns for the WHILE loop. In 
the Section 3, we introduce appropriate S-formulas 
used for analyzing WHILE loop semantics. Based on 
that, we will analyze concrete examples in the 
Section 4. The paper ends with conclusions and 
directions for further research. 
 
 
2. Behavioral patterns of the WHILE loop 
 

In programming languages, a WHILE loop is a 
statement that means the cyclic execution of the loop 
body based on a given Boolean condition. In every 
cycle, the condition is checked before the execution 
of the loop body. If the condition is true, the loop 
body will be executed and this is repeated until the 
condition becomes false. If the condition becomes 
false after the finite number of cycles, we say that the 
given WHILE loop terminates.  

Let us consider the following WHILE loop written 
in pseudo code: 
 
WHILE a>0 DO 
BEGIN 
 IF a>5 THEN 
  a:=a+1; 
 a:=a-1; 
END; 
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Obviously, for a>5 the WHILE loop does not 
terminate. The WHILE loop terminates for a≤5, but 
we note three cases: 
• for a≤0, the loop body is never executed, 
• for a=1, the loop body is executed only once, 
• for 2≤a≤5, the loop body is executed several 

times. 
Now, let us consider the second example: 
 
WHILE a>0 DO 
BEGIN 
 IF a>5 THEN 
  a:=a+1; 
  a:=a-1 ∨ a+1; 
END; 
 
Again, the WHILE loop terminates for a≤0 since its 
body is never executed. But, for 1≤a≤5 the WHILE 
loop may or may not terminate, i.e. it terminates 
potentially, since 
 

a:=a-1∨a+1; 
 
is a non-deterministic statement. Let us note that for 
1≤a≤5 the previous WHILE loop surely terminates, 
i.e. the termination is guaranteed. Based on that, we 
observe three behavioral patterns of the WHILE loop: 
• non-termination, 
• potential termination, 
• guaranteed termination.  
 
 
3. S-formulas 
 

Formulas of the first-order predicate logic defined 
on the abstract state space we call briefly S-formulas. 
In this paper we use the following concepts and 
notation: 

 
• The set of abstract states A, 
• State variables (S-variables) x, y, z, … , 
• State constants (S-constants) s1, s2, s3, … , 
• Unary S-formulas or S-predicates P, Q, B, … , 
• Binary S-formulas or S-relations S1, S2, S3, … , 
• Program variables a, b, c, … , 
• Program constants c1, c2, c3, … . 
 

Let {a1, a2, ... , an} be a set of program variables, 
which take values from sets D1, D2, ... , Dn 
respectively. Interpretation of the set A with respect 
to the set {a1, a2, ... , an} is a bijection that maps any 
S-constant from A to the appropriate vector of 
program constants from D1, D2, ... , Dn (usually 
called state vector). S-relation S(x,y) contains ordered 
pairs (x,y), where x∈A is the initial state and y∈A is 
the final state. Interpreted S-relation on the set A is 

called syntactic unit on program variables {a1, a2, ... 
, an}. A syntactic unit may be written in many 
different ways (program code is just one of them), 
and it can refer to a statement, block, subprogram or 
program. This means that we observe two domains: 
the abstract state domain with S-constants, S-
variables, S-predicates and S-relations and the 
interpretation domain with vectors of program 
constants, program variables, predicates and 
syntactic units. To simplify, S-constant is interpreted 
as a vector of program constants from the set D1, D2, 
... , Dn, S-predicate is interpreted as a Boolean 
expression, and S-relation as a syntactic unit with 
program variables {a1, a2, ... , an}. Interpretation is 
denoted by “:”. For example, x: a>0∧b=5 means that 
S-variable x represents all states in which program 
variables a and b satisfy a>0 and b=5. 

 
 
Let us consider the following WHILE loop: 
 
WHILE condition DO 
 loop_body; 
 
Let 
B: condition, 
S: loop_body, 
x, y, y1, y2, ... , yn∈A. 
 
S-formulas SP and SG are defined in the following 
way: 
 
DEFINITION 3.1. 
∀x∀y SP(x,y) ⇔ [¬B(x) ∧ x=y] ∨ [B(x) ∧ S(x,y) ∧ 
¬B(y)] ∨ [∃y1∃y2 ... ∃yn B(x) ∧ S(x,y1) ∧ B(y1) ∧ 
S(y1,y2) ∧ B(y2) ∧ S(y2,y3) ∧ ... ∧ B(yn) ∧ S(yn,y) ∧ 
¬B(y)], 
 
DEFINITION 3.2. 
∀x∀y SG(x,y) ⇔ [¬B(x) ∧ x=y] ∨ [B(x) ∧ S(x,y) ∧ 
¬B(y)] ∨ [∀y1∀y2 ... ∀yn B(x) ∧ S(x,y1) ∧ B(y1) ∧ 
S(y1,y2) ∧ B(y2) ∧ S(y2,y3) ∧ ... ∧ B(yn) ∧ S(yn,y) ∧ 
¬B(y)]. 
 
If we analyze the given WHILE loop using both 
formulas we arrive to the more complete insight in its 
behavior: 
1.) If the initial state x satisfies ∀y, (x,y)∉SP then the 
loop does not terminate from the state x. 
2.) If the initial state x satisfies ∀y, (x,y)∈SP ∧ (x,y)
∉SG then the loop potentially terminates from the 
state x. 
3.) If the initial state x satisfies ∀y, (x,y)∈SG then the 
loop inevitably terminates from the state x. 
 

S-formulas SP and SG consist of three disjunctive 
parts. The first ∀x∀y ¬B(x) ∧ x=y covers the case 
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when the loop body is not executed at all. The second 
∀x∀y B(x) ∧ S(x,y) ∧ ¬B(y) refers to the case when 
the body is executed exactly once. The third part is 
an (n+2)-ary S-formula where n is a number of 
intermediate states y1, y2, ... , yn traced by the loop. 
The difference between S-formulas SP and SG is in 
the third part, in which SP contains existential 
quantifiers (i.e. ∃y1∃y2 ... ∃yn) while in SG the 
quantifiers are universal (i.e. ∀y1∀y2 ... ∀yn). 
Apparently, the S-formula SG is stronger than SP, i.e. 
SG ⊆ SP, or ∀x∀y SG(x,y) ⇒ SP(x,y). In other words, 
if (x,y)∈SG, then (x,y)∈SP, while the opposite is not 
true. The S-formula SG eliminates all initial states 
from which the loop (only) potentially terminates 
thus leading to the guaranteed termination. 

Potential termination and non-termination are more 
of a theoretical value, while for the programming 
practice the most important case is guaranteed 
termination. Moreover, loops must terminate in the 
acceptable time interval [14,15]. In the Example 4.1 
we will show that an infinite cycle conforms to the 
empty set. In the Example 4.4 we will consider a 
potential termination, where the difference between 
the S-formulas SP and SG is apparent. 
 
 
4. Examples 
 
4.1. Let us prove ∀x∀y SP(x,y) ≡ ⊥ for the infinite 
loop 
 
WHILE true DO 
  loop_body; 
 
Let 
B: true 
S: loop_body 
x, y, y1, y2, ... , yk-1, yk, yk+1∈A 
 
Clearly, 
∀x B(x) ≡ ⊤. 
 
Let 
∀x∀y1 S(x,y1) 
∀y1∀y2 S(y1,y2) 
. . . 
∀yk−1∀yk S(yk−1,yk) 
∀yk∀yk+1 S(yk,yk+1) 
. . . 
 
We will prove by induction that the program does not 
terminate from the initial state x. After the first pass 
B(y1) is true, so apparently the program does not 
terminate. If we suppose that the program did not 
terminate after the k-th pass and B(yk) is true, then 
after the k+1-th pass B(yk+1) holds. Consequently, the 

program does not terminate after the k+1-th pass. 
From the Definition 3.1 we conclude that S-formula 
SP does not contain the ordered pair (x,y) with x and 
y being respectively the initial and the final state. 
This proves that for any initial state x a final state 
does not exist, i.e. that SP is an empty set or ∀x∀y 
SP(x,y) ≡ ⊥. 
 
4.2. Let us prove ∀x∀y SG(x,y) ≡ x: a≤0 ∧ y=x for 
 
WHILE a>0 DO 
  a:=a+1; 
 
Let 
B: a>0 
S: a:=a+1; 
x, y, y1, y2, ... , yk-1, yk, yk+1∈A 
 
Apparently, 
∀x, x: a>0, B(x) ≡ ⊤, 
∀x, x: a≤0, ¬B(x) ≡ ⊤. 
 
From the Definition 3.2, we obtain: 
∀x, x: a≤0, ∀y SG(x,y) ⇔ ¬B(x) ∧ x=y ⇔ ⊤ ∧ x=y 
⇔ x=y, 
i.e. 
∀x∀y SG(x,y) ⇔ x: a≤0 ∧ y=x. 
 
By a′, a′′, ... , a(k) we denote the value of the program 
variable a after the first, second, ... , k-th pass. S-
relation S is the assignment, so we obtain: 
 
∀x∀y1 S(x,y1) ⇔ x: a>0 ∧ y1: a′=a+1 
∀y1∀y2 S(y1,y2) ⇔ y1: a′>0 ∧ y2: a′′=a′+1 
. . . 
∀yk-1∀yk S(yk-1,yk) ⇔ yk-1: a(k-1)>0 ∧ yk: a(k)=a(k-1)+1 
∀yk∀yk+1 S(yk,yk+1) ⇔ yk: a(k)>0 ∧ yk+1: a(k+1)=a(k)+1 
. . . 
 
The proof that the program does not terminate from 
the initial state x: a>0 is by induction. Since B(y1) is 
true, the program does not terminate after the first 
pass. If we suppose that the program did not 
terminate after the k-th pass and B(yk) is true, then 
after the k+1-th pass B(yk+1) holds, so the program 
does not terminate after the k+1-th pass. From the 
Definition 3.1 (similarly to the Example 4.1) we 
obtain 
 
∀x, x: a>0, ∀y SP(x,y) ≡ ⊥. 
 
Since SG ⊆SP, we conclude 
∀x, x: a>0, ∀y SG(x,y) ≡ ⊥. 
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So far we have proven that starting from the state x: 
a≤0 the cycle is guaranteed to terminate, while from 
the state x: a>0 it does not terminate. Finally, we 
obtain 
∀x∀y SG(x,y) ≡ [x: a≤0 ∧ y=x] ∨ ⊥,  
i.e. 
∀x∀y SG(x,y) ≡ x: a≤0 ∧ y=x. 
 
4.3. In this example we will prove ∀x∀y SG(x,y) ⇔ 
[x: a=0 ∧ y: a=1] ∨ [x: a≠0 ∧ y=x] for 
 
WHILE a=0 DO 
  a:=a+1; 
 

Let 
B: a=0 
S: a:=a+1; 
x, y∈A 
 
Clearly, 
∀x, x: a=0, B(x) ≡ ⊤, 
∀x, x: a≠0, ¬B(x) ≡ ⊤. 
 
S-relation is the assignment and we obtain: 
∀x, x: a=0, ∀y S(x,y) ⇔ x: a=0 ∧ y: a=1. 
 
Definition 3.2 leads to 
∀x, x: a=0, ∀y SG(x,y) ⇔ ¬B(x) ∧ ¬B(y) ∧ S(x,y) ⇔ 
⊤ ∧ ⊤ ∧ [x: a=0 ∧ y: a=1], 
i.e. 
∀x∀y SG(x,y) ⇔ x: a=0 ∧ y: a=1. 
 
On the other hand 
∀x, x: a≠0, ∀y SG(x,y) ⇔ ¬B(x) ∧ x=y ⇔ ⊤ ∧ [x: 
a≠0 ∧ y=x], 
i.e. 
∀x∀y SG(x,y) ⇔ x: a≠0 ∧ y=x. 
 
We have proven that starting from any state x∈A the 
cycle is guaranteed to terminate. Finally, 
∀x∀y SG(x,y) ⇔ [x: a=0 ∧ y: a=1] ∨ [x: a≠0 ∧ y=x]. 
 
4.4. Prove that ∀x∀y SG(x,y) ⇔ x: a≤0 ∧ y=x for 
 
WHILE a>0 DO 
  a:=a-1∨a+1; 
 
Let 
B: a>0 
S: a:=a-1∨a+1; 
x, y, y1, y2, ... , yk-1, yk, yk+1∈A 
 
Obviously, 
∀x, x: a>0, B(x) ≡ ⊤, 

∀x, x: a≤0, ¬B(x) ≡ ⊤. 
 
From the Definition 3.2 we obtain: 
∀x, x: a≤0, ∀y SG(x,y) ⇔ ¬B(x) ∧ x=y ⇔ ⊤ ∧ x=y 
⇔ x=y, 
i.e. 
∀x∀y SG(x,y) ⇔ x: a≤0 ∧ y=x. 
 
S-relation S is a non-deterministic syntactic unit, so 
we obtain: 
∀x, x: a>0, ∀y S(x,y) ⇔ x: a>0 ∧ y: a′=a−1∨a′=a+1. 
 
Based on that, we obtain the following S-formulas: 
 
∀x∀y1 S(x,y1) ⇔ x: a>0 ∧ y1: a′=a−1∨a′=a+1 
∀ y1∀y2 S(y1,y2) ⇔ y1: a′>0 ∧ y2: a′′=a′−1∨a′′=a′+1 
. . . 
∀yk-1∀yk S(yk-1,yk) ⇔ yk-1: a(k-1)>0 ∧ yk: a(k)=a(k-1)−1∨ 
a(k)=a(k-1)+1 
∀yk∀yk+1 S(yk,yk+1) ⇔ yk: a(k)>0 ∧ yk+1: a(k+1)=a(k)−1∨ 
a(k+1)=a(k)+1 
. . . 
 
     We will prove by induction that the program 
potentially terminates from the initial state x: a>0. 
After the first pass B(y1) may or may not hold so the 
program may or may not terminate. If we suppose 
that the program did not terminate after the k-th pass, 
then after the k+1-th pass B(yk+1) may or may not 
hold. Apparently, the program may or may not 
terminate, so we conclude that starting from the state 
x: a>0 program potentially terminates. In other 
words, based on the Definition 3.1 we obtain: 
∀x, x: a>0, ∀y SP(x,y) ≡ ⊤. 
 
However, from the Definition 3.2 follows: 
∀x, x: a>0, ∀y SG(x,y) ≡ ⊥. 
 
Finally, we obtain: 
∀x∀y SG(x,y) ⇔ [x: a≤0 ∧ y=x] ∨ ⊥, 
i.e. 
∀x∀y SG(x,y) ⇔ x: a≤0 ∧ y=x. 
 
 
4.5. We will prove ∀x∀y SG(x,y) ⇔ [x: a≤0 ∧ y=x] ∨ 
[x: a>0 ∧ y: a=0] for 
 
WHILE a>0 DO 
BEGIN 
  a:=a−1; 
  b:=b−1∨b+1; 
END; 
 
Let 
B: a>0 
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S: a:=a−1; b:=b−1∨b+1; 
x, y, y1, y2, ... , yk-1, yk, yk+1∈A 
 
As in the Example 4.4, based on the Definition 3.2 
we obtain: 
∀x, x: a≤0, ∀y SG(x,y) ⇔ ¬B(x) ∧ x=y ⇔ ⊤ ∧ x=y 
⇔ x=y, 
i.e. 
∀x∀y SG(x,y) ⇔ x: a≤0 ∧ y=x. 
 
In addition, we obtain the following S-formulas: 
 
∀x∀y1 S(x,y1) ⇔ x: a>0 ∧ y1: 
a′=a−1∧(b′=b−1∨b′=b+1) 
∀y1∀y2 S(y1,y2) ⇔ y1: a′>0 ∧ y2: 
a′′=a′−1∧(b′′=b′−1∨ b′′=b′+1) 
. . . 
∀yk-1∀yk S(yk-1,yk) ⇔ yk-1: a(k-1)>0 ∧ yk: a(k)=a(k-

1)−1∧(b(k)= b(k-1)−1∨b(k)=b(k-1)+1) 
∀yk∀yk+1 S(yk,yk+1) ⇔ yk: a(k)>0 ∧ yk+1: a(k+1)=a(k)−1∧ 
(b(k+1)=b(k)−1∨b(k+1)=b(k)+1) 
. . . 
 
From the Definition 3.2 follows: 
∀x, x: a>0, ∀y, y: a=0, SG(x,y), 
i.e. 
∀x∀y SG(x,y) ⇔ x: a>0 ∧ y: a=0. 
 
We have proven that starting from any state x∈A 
cycle must terminate. Finally, we obtain 
∀x∀y SG(x,y) ⇔ [x: a≤0 ∧ y=x] ∨ [x: a>0 ∧ y: a=0]. 
 
 
 
5. Conclusion 
 
      In this paper we have introduced appropriate S-
formulas that describe three possible behavioral 
patterns for the WHILE loop: it does not terminate, it 
potentially terminates and its termination is 
guaranteed. Based on that, we have developed an 
approach to the analysis of loop semantics and 
considered several examples. The future work will be 
aimed towards investigating algorithms for automated 
loop semantics proofs, thus providing a practical 
aspect to this research. 
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